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Abstract
The basic concepts underlying our analysis of W-algebras as ex-
tended symmetries of integrable systems are summarized. The con-
struction starts from the second hamiltonian structure of \Generali-
zed Drinfel'd-Sokolov" hierarchies, and its correspondence with the
A
1
-embeddings is established, providing a rather simple and general
scheme.
We summarize the building blocks of our results
1
about the construction
and classication of W-algebras
2
starting from the \Generalized Drinfel'd-
Sokolov" (G.D-S) integrable non-linear hierarchies
3
, and their relation to the





Classical W-algebras are non-linear chiral extensions of the conformal































where f; g is a Poisson bracket, and P
k
ij
are dierential polynomials con-


































is the conformal weight of w
i
(z).
W-algebras appear in many dierent applications of two-dimensional clas-
sical and quantum eld theory, such as String Theory, Gravity, Critical Phe-
nomena, or Solid State, and oer good prospects for combining external
and internal symmetries in theories of higher spins. W-algebras generally
describe symmetries of two-dimensional integrable systems. In particular,
they correspond to the \second" hamiltonian structure of G.D-S hierarchies,




We remind that the second hamiltonian structure of the K.d.V. hierar-




lead to the well
known W
n+1
algebras, the rst of which is, of course, the Virasoro algebra:











(x; t) (x  y) ; (3)
which corresponds to n = 1 and, hence, to the original K.d.V. equation
@
t





















In general, the second Poisson-bracket of the G.D-S hierarchies provides dif-
ferentW-algebras associated to distinguished elements of every ane algebra,
and the conformal structure arises when the well known scale invariance of
the equations is made local. It is convenient to explain one of the basic
ingredients of the construction: the Heisenberg subalgebras (H.S.A) of Kac-









C d ; (5)
since the central extension Cc can and will be ignored. g is the underlying
nite Lie algebra, and C[z; z
 1
] are the Laurent polynomials in the ane
2
parameter z. The standard derivation d = z
d
dz
induces a gradation of g^
(1)
,



















Notice that [d; g^
(1)
j









g and, so, this distinguished gra-




maximal commuting subalgebra: the homogeneous example of the Heisen-
berg subalgebras. General H.S.A's correspond to all the possible general-
izations of such structure, which are in one to one relation with the conjugacy
classes of the Weyl group of g.
For each conjugacy class [w] there is an associated set of r+1 (r is the rank
of g) coprime non-negative integers called ~s
w
, which will specify the grades





















Kac labels, i.e., the components of the right null eigenvector of the extended








. The way to prove that this actually
generates all the inequivalent Heisenberg subalgebras, which will be labelled
as H[w], is to express an inner automorphism of g associated to [w] as an


















being the fundamental weights
1
. The
homogeneous case corresponds to the identity w = 1 and ~s
w
= (1; 0; :::; 0),
while the product of all the Weyl reections, i.e., the Coxeter element w
c
,
corresponds to the principal gradation. For sl(2; C) these are the only cases,
but, for instance, in A
2
there is also the ~s
w
= (2; 1; 1), which yields the



























; m 2 Z: (7)
The name of these algebras comes from their central extension ignored here,














] = p 
p+q;0
c : (8)




with the momentum. In fact the former relations can be
seen as the (2-dimensional) Poincare algebra.
3
We are now in position to summarize the G.D-S construction of non-linear
dierential hierarchies. A Lax operator is then dened for every constant





















above, s is some other gradation of g^ such that s  s
w









, for j  0, j  0 and j = 0.
Q, the phase space the of hierarchy, is invariant under the gauge trans-
formations generated by the adjoint action of S = g^
<0
0
. Moreover, as long
as Ker(ad) = H[w]
y
, one can \diagonalize" L in H[w] by means of an



















; L] =  [M
 
; L] 2 C
1


















; L] ; (11)
b
j
2 H[w], or through similar equations involving of the lower gradation s.
Provided that Ker(ad)
T
S = ; (injective gauge transformations), the
non-linear dierential equations for the (canonical) gauge invariant function-
als q
can
will be polynomial, as required by locality in the eld theory appli-
cations, then, Q
can
will be just a complementary space of [; S]. For regular
elements, Ker(ad)
T
S = ; is always satised (our
1
Lemma 1).
By construction, the H
j
for j < 0 are the conserved densities of the
hierarchy (for i > j  0 they are just centers), the hierarchy can be written
in zero curvature form, and more important, it is bihamiltonian and the
second Poisson bracket exhibits conformal invariance.
It is then natural to investigate whether such structures are related to
the W-algebras obtained by hamiltonian reduction of the ane Kac-Moody
current algebras. Moreover, the latter are classied by the A
1
-embeddings,




g of g such that, under their ad-action, g de-
composes into (spin) irreducible representations of that sl(2; C). Their J
+
y
A condition which can be relaxed for non-regular elements of H[w].
4
are related to the reduced currents J
red
by addition of minimal weights of
the spin decomposition. In A
n
the embeddings are in correspondence with
the Weyl group, and they are also labeled by partitions of n. So, one expects
them to be related to the hierarchies arising from Heisenberg subalgebras.
The precise way in which this happens is one of the results of our paper
1
.
The rst step is to derive a generator of the conformal transformations that















. Such an energy momentum tensor is easily de-
rived upon restriction to the functionals of zero lower grade q
0
(x) since, for









































is the Frechet derivative.





one shows directly that the second bracket is a W-algebra. A previous step
is to show, by a counting argument, that the choice of q
can
is such that the




= 0, and that those
of q
can0
(x) depend only on q
0
(x). The embedding corresponding to the W-









reverse of this result
1
, Theorem 2, is the answer to the question of which J
+
are obtained in this way from the corresponding Heisenberg subalgebra. The
solution turns out quite restrictive, and it is given
1
by Theorem 3: for A
n
,
theW-algebras that can be constructed from Heisenberg subalgebras with the
G.D-S formalism are just those corresponding to the embeddings labelled by
partitions of the form n+1 = k(m)+ q(1) or n+1 = k(m+1)+k(m)+ q(1),
where k and q indicate the times the integer in the bracket is repeated.
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